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A new model is presented that provides an improved understanding of the time dependent fatigue behavior of two phase brittle particulate ceramic composites under static and cyclic loading conditions. The proposed model takes into consideration cyclic fatigue effects, which are responsible for the accelerated fatigue crack propagation in the cyclic loading as compared to the static loading. It also takes into account the effect of both thermal residual stresses and bridging stresses acting in the composite during time dependent crack propagation. Experimental results for the fatigue behavior of ZrB2 – 45 vol%SiC ceramic composite were used as a case study to valid the proposed model. The model gives insight both into the time dependent mechanical behavior of ceramic composites and, at the same time, allows determination of important structural parameter, such as, size of the bridging zone in the material under cycling loading.
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1. Introduction
In many practical applications the lifetime and time dependent mechanical behavior of ceramic composites is determined by fatigue failure [1-13]. A material can experience both static and cyclic fatigue, where during the static fatigue the applied stress remains constant, while during cyclic loading the applied stress changes periodically from a minimum to a maximum value as a function of time. The lifetime of materials, such as porcelain and glass [14], is much shorter under static fatigue conditions in comparison with the lifetime of the same material tested under cyclic loading, when the maximum applied stress during cyclic experiment is equal to the stress applied during static fatigue test [15]. This is because in materials where crack growth is dominated by stress corrosion effects, during the cyclic fatigue the cracks experience lower average stresses in comparison with constant static stress.
However, for many ceramics, such as magnesia-partially-stabilized zirconia (Mg-PSZ) [16], Ce-TZP/Al2O3 composites [17], yttria-partially-stabilized zirconia (Y-TZP) [18, 19], silicon nitride (Si3N4) [20], alumina (Al2O3) [21] and Al2O3 – SiC whisker ceramic composite [22], the lifetime under cyclic fatigue loading was reported to be much shorter than the lifetime of the same material under static fatigue loading when that the maximum stress during cyclic testing is the same as a during static loading [15, 23]. The decrease in lifetime under cyclic loading was explained by the degradation of the crack bridging elements under cyclic loading, leading to a reduction of their toughening effect (reduced closure force) [21, 23-25] (Fig. 1). As a crack propagates, new bridging elements are produced by the crack and the distance between them and crack tip increases. The bridging elements experience wear under the cyclic movement of crack surfaces, which decreases the friction forces and therefore bridging stress. The further the distance of the bridging element from crack tip, the higher is the wear rate due to the longer time of wear and the increasing crack opening displacement.

2. Fett and Munz model
While experimental and modeling work of the static and cyclic fatigue behavior of ceramic materials have been made in the past [1-13, 21, 26], there have only been a few studies that have attempted to completely describe cyclic fatigue [24, 27]. An empirical model was proposed by Fett and Munz [24] based on a simple expression for average crack growth rate:
,											(1)
where  is the average crack growth rate,  and  are the fatigue parameters,  is the maximum applied stress intensity factor in cyclic loading or constant applied stress intensity factor in static loading,  is the additional stress intensity factor due to bridging. In this model it was determined that the wear of bridging elements is responsible for a decrease of the bridging stress intensity factor  during cyclic loading, while during static loading  remains constant. It was proposed that at lower crack growth rates there was greater degradation of the bridging elements, leading to a lower bridging stress intensity factor  and shorter lifetime of the ceramic composite. A schematic plot of the dependence of the cyclic and static fatigue crack growth rate as a function of  is shown in Fig. 2. Above a critical value  no degradation of bridging elements will occur and the  dependences of cyclic and static fatigue coincide, thus no cyclic effect exists, as determined in the model in [24].
The Fett and Munz’s model [24] did not discriminate between crack growth rates under static and cyclic fatigues for crack growth rates higher than  (Fig. 2). As presented by the model, the crack growth rates are identical, which is incorrect, as the average stress intensity factor for cyclic loading is always lower in comparison with the static loading if maximum applied stress intensity factor for cyclic loading is equal to applied stress intensity factor for static loading. Thus, in the absence of degradation of bridging elements, the crack growth rates will always be lower under cyclic loading in comparison with static loading for the case when the maximum cyclic and static loads are identical (Fig. 2). Another shortcoming of the model is an assumption that for the crack growth rates higher than  there is no no degradation of the bridging elements, thus no wear, is anticipated. However, while the wear will decrease as the crack growth rate increases, there is no physical reason to completely eliminate wear factor; it introduces a misconception about the real behavior of bridging stress intensity factor as a function of crack growth rate. In addition, the bridging stress intensity factor  in Eq. (1) is only taken into account in the model when the bridging stresses decrease the crack tip stress intensity factor. However, the friction implies that the bridging stress acts always against the change in crack surface displacements, therefore bridging will decrease crack tip intensity factor only when load is increasing during cyclic loading. For the portion of cyclic loading when the load is decreasing, the bridging will increase crack tip stress intensity factor, which is not taken into account in the model [24]. The above assumes that there is no elastic component to the bridging stress. The elastic ligaments, studied in [25], which always produce a closure component of the bridging stress, are not considered in the present work.

3. Dauskardt model
Another model, which accounts for cyclic fatigue effects involving wear of bridging elements in ceramics, was proposed by Dauskardt in [27]. The model used a differential equation for the calculation of residual stress  acting in a bridging element of ceramic material upon crack propagation during loading:
,										(2)
where  is the distance of bridging element from crack tip,  is the wear rate of the bridging element,  is the average crack growth rate,  is the frequency of cyclic loading,  is the proportionality constant which is a function of both the elastic properties and thermal expansion of both the bridging element itself and the surrounding material,  is the function which depends on crack opening displacement at the point with coordinate . The model is not empirical, as in the previous case, as the decrease of  was estimated by calculating the decrease of   and the corresponding decrease of the bridging stress. While the model provided realistic estimates for fatigue crack growth rates in ceramic materials when the cyclic effect is present, the model was applicable for single phase ceramics. Also, only cracks with periodic complete closing during cyclic loading, where the crack surface displacements are equal to zero, are considered. However, the crack does not close completely, especially when  is large, and the model does not account for such situations. In addition, in the model the crack tip stress intensity factor is assumed to be equal to an intrinsic fracture toughness of ceramics, corresponding to when no crack bridging effect is present. However, such a condition corresponds to catastrophic instantaneous fracture and is not applicable for time dependent fatigue behavior.
Therefore, the goal of the present study is to develop an improved and expanded model of fatigue failure of ceramic materials built on the previous models. The proposed model is capable of predicting time dependent fatigue behavior and describing the cyclic effect associated with degradation of crack bridging with a better precision.

4. The proposed model
4.1. The description, assumptions and improvements
The modified model proposed in this work is built on the instantaneous crack growth rate equation [15]:
,											(3)
where  is the instantaneous crack growth rate,  is a static fatigue parameter,  is the fracture toughness of the material, and  is an instantaneous crack tip stress intensity factor as a function of time. Then v, the average crack growth rate per cycle, can be calculated using the instantaneous crack growth rate  (3):
,									(4)
where  is the period of cyclic loading,  is the frequency of cyclic loading. 
A few assumptions are made in order to further enhance the proposed model. First, it is proposed that the instantaneous crack tip stress intensity factor is equal to  with a time independent instantaneous crack growth rate in the case of static loading. For cyclic loading two cases are considered. In the first case, for the part of the cycle when the load increases, the friction forces will oppose to the crack opening, then , where  is the time dependent applied stress intensity factor. For the other portion of the cycle, when the load decreases and the friction forces oppose crack closure, then . The bridging stress intensity factor  is calculated using a bridging stress distribution along the moving crack, where the bridging stress itself is determined by friction forces acting at the interface between bridging elements and surrounding matrix. Finally, in the proposed model, the instantaneous crack growth rate  is averaged over a full cycle to obtain the average crack growth rate. Such averaging of  over the full loading cycle provides separate crack growth rate values for static and cyclic fatigue above the  value, unlike in the previous model [24] where both crack growth rates coincide (Fig. 2). In addition to the improvement of the model for discrimination of the static and cyclic fatigue crack growth rates, an attempt was made to model the wear of bridging elements. It is proposed that for the calculation of friction forces and wear of bridging elements both maximum and minimum crack opening displacements corresponding to maximum and minimum crack tip stress intensity factors of loading cycle should be taken into account. This was not done in [24], where only an empirical equation was used to account for wear and friction and, thus, no wear occurred for the crack growth rates higher than . Our model was also expanded to the case of a two-phase composite, where the different elastic properties and thermal expansion coefficients of the bridging elements and surrounding matrix were taken into account for calculation of residual stresses in bridging elements. Unlike in the previous two models [24, 27], the proposed model allows the calculation of an average crack growth rate v for cyclic fatigue which can be compared with experimentally obtained values. The detailed explanation of  and its constituents are provided below.

4.2. Determination of the instantaneous crack tip stress intensity factor 
The instantaneous crack tip stress intensity factor  can be determined taking into account friction and the resulting stress intensity factor  due to bridging for the increasing or decreasing loads parts of the cycle using the following equation
,			(5)
where  and  are stress intensity factors where the additional stress intensity factor due to bridging either diminish or enhance the applied stress intensity factor, , ,  is the minimum applied stress intensity factor during cyclic loading,  is the maximum applied stress intensity factor during cyclic loading or constant applied stress intensity factor in static loading (the same one as in Eq. (1)),  is time dependent applied stress intensity factor. 
Based on the proposed model, the three most characteristic types of  behavior for a sinusoidal applied stress intensity factor are: 
,									(6)
where , as illustrated in Fig. 3. The first characteristic type of  behavior is considered when all of the cycling is under tension-tension loading conditions. While the second type is when there is both tension and compression loading during a single cycle. The third example is the unusual case when  is so large that the change in applied stress intensity factor between  and  is not large enough to overcome the frictional forces and the crack opening displacement is frozen and remains constant during cycling. As can be seen in Fig. 3, in all three cases (a, c, and e) the , as well as  diminished or  enhanced applied stress intensity factors vary sinusoidally while reaching their maximum and minimum values simultaneously at the maximum and minimum applied stress [15]. The lower  and upper  sinusoids account for the bridging effects occurring due to friction between bridging elements and crack edges (Fig. 3) during crack opening or closure for the cases when load is either increasing or decreasing, respectively. While , , and  change their values sinusoidally, the instantaneous crack tip intensity factor  will be affected drastically depending on the following factors: a) if >0 where all applied cyclic loading is in tension (Fig. 3a), or b) if  where both tensile and compressive loading occur upon cycling (Fig. 3c) or c) for the case when the  contribution is quite large resulting in the rare case that  (Fig. 3e). In all three examples, the bold lines represent the dependence of  as a function of time, where the shadowed areas below  are used to calculate the average crack growth rate v during cyclic loading. 
For the case when all of the cyclic loading occurs under tension, the  values either coincide with  upon increasing the applied tensile stress (points 1  2 on K-t diagram) or coincide with  when the applied tensile stress is decreasing upon unloading in a single cycle (points 3  4 on K-t diagram) (Fig. 3a). When the applied cyclic stress increases (points 1  2 on K-t diagram), the crack opening displacement (COD) increases too, as shown schematically in Fig. 3b. When the applied cyclic stress decreases (points 3  4 on K-t diagram), the COD decreases (Fig. 3b). However, because of bridging frictional forces, the change of the applied stress from loading to unloading will not cause an immediate decrease in COD, but will prevent an immediate initiation of crack closure, which will result in the constant = (points 2  3 on K-t diagram) (Fig. 3a). The same situation will repeat when unloading changes to the next loading cycle and the COD remain constants (points 4  5 on K-t diagram) (Fig. 3a, b) until the threshold frictional forces are overcome and the crack edges start opening again as the tensile load increases. 
When both tension and compression are present during cycling and , the COD from point 1 to 2 will not increase because  remains equal to zero and constant despite the increased (Fig. 3c). However, when the applied crack stress intensity factor  exceeds , the crack starts to open from point 2 to 3 (Fig. 3c) and the COD increases (Fig. 3d). When  decreases during the unloading part of the cycle,  will decrease from point 4 to 5 (Fig. 3c) leading to almost complete closure of the crack, and the COD becomes equal to zero again, as at the beginning loading (Fig. 3d). However, at the very beginning of the unloading cycle, similar to the first case when all of the cycling occurs under tension (Fig. 3a), the presence of frictional forces will retard the crack closure (Fig. 3d) resulting in the constant = (points 3  4 on K-t diagram) (Fig. 3c). As crack opening displacements can adopt only positive values or be equal to zero when the crack is closed, negative  has no physical meaning, as it is directly proportional to COD. Therefore, a case where  becomes negative is not considered here.
When  is rather large and ,  the COD is frozen if the change in applied stress intensity factor between  and  is insufficient to overcome the frictional forces (Fig. 3e). In this case = if , and  becomes constant and independent of time leading to no degradation of bridging elements with no cyclic effect present (Fig. 3f).
Thus the developed model shows that the dependence of  does not follow the sinusoidal dependence of applied stress intensity factor, but has its own behavior where both  and  values are not reached, thus allowing the average crack growth rate v to be calculated in a more accurate way.

4.3. Determination of bridging stress intensity factor 
One of the important constituents of   is the stress intensity factor  acting due to the friction of the bridging elements during opening and closure of the moving crack during cycling. A schematic of the bridging elements within the edges of the moving crack, as well as definitions used in the equations for descriptions of the  stress intensity factor are shown in Fig. 4. The general expression for bridging stress intensity factor of a semicircular surface crack are presented below [15]
,										(7)
where  is the radial coordinate,  is the radius of semicircular surface crack, which defines the size of the fracture origin in the material,  is the distribution of bridging stress along , and 
,										(8)
is the weighted function with  being the geometrical factor (for a semicircular surface crack we can use =1.264 [28]). 
The frictional forces are dependent on normal stresses at the interface. The normal stress at the interface between bridging element and matrix is equal to thermal residual stress in the bridging element. The following equation is utilized for the calculation of the bridging stress [27, 29]:
,								(9)
where  is the friction coefficient, ,  is the diameter of the bridging elements in crack plane,  is the height of the frictional surface of the bridging element in the -direction,  is the average distance between bridging elements, and  is the half crack opening displacement at the crack edges. Such dependence  on  can be used for the cases when the normal stress at the interface between bridging element and matrix is equal to the thermal residual stress  in bridging element.
The  for a semicircular surface crack is calculated using the following equation developed by [28, 30]:
,									(10)
where  and  are the Young’s modulus and Poisson’s ratio of matrix, respectively. The matrix material in the proposed two phase material’s model is considered as a simple mixture of two phases. Thus, the  and  elastic properties can be either calculated by the rule of mixture using the  and  values of the pure phases, or it could be directly measured for the two phase composite material of interest.
The Eqs (7) and (9) demonstrate that  exhibits a linear dependence on because  is a linear function of  (10). Therefore, after substituting Eq. (10) into (9), and then Eq. (9) into (7), Eq. (7) can be rewritten as 
,											(11)




 is difficult to determine, however,  has a linear dependence on the applied stress intensity factor , thus  will be also a linear function of . Therefore, Eq. (11) can be further rewritten to express  as a linear function of  for the two different cases of increasing and decreasing applied load. 










As  can be expressed using the applied stress  by the equation , then we can state that  can be directly estimated by knowing the applied cyclic stress, therefore  can be also directly calculated.

4.4. Determination of thermal residual stress  in the bridging element
For a two phase composite material thermal residual stress  can be estimated in the bridging element with a radial coordinate , where the strengthening phase is considered as the bridging elements and the mixture of two phases is considered as a matrix, in which bridging elements operate. When a crack propagates further into the two phase matrix, the bridging element of the second phase become captured by the moving crack and has a tendency to debond away from the matrix, while before debonding it is rigidly connected to the other grains in the two phase matrix material [27, 31, 32]. In the first approximation, after debonding, the equiaxial bridging element can be considered as a combination of a cylindrical central part which is in a frictional contact with a matrix and a free open end (Fig. 4). For such a bridging element, the thermal residual stress  can be calculated using the following equation for cylinders which have a frictional contact surface due to thermal mismatch [33]:
,							(20)
where  and  are Young’s moduli and  and  are the Poisson’s ratios of two phase matrix material and the phase producing the bridging elements, respectively,  is the linear wear representing a decrease in the thermal mismatch due to wear at the interface between the bridging elements and matrix phases. The  term represents the initial thermal residual stress existing in the two phase composite due to mismatch of the coefficients of thermal expansion of different phases, when no wear occurs. The  is expressed by the equation:
,										(21)
where ,  is an actual operational temperature,  is a “joining” temperature, where both two phases of the material become rigidly bonded to one another upon cooling from high processing temperature, , where  and  are coefficients of thermal expansion of the whole two phase matrix material and the phase constituting the bridging elements, respectively. 
The linear wear  in the right part of Eq. (20) is a complex function of  due to different durations of wear for the elements having different radial coordinates. As it is a complex function it is difficult or simply impossible to determine  directly, either by direct experiment or by other means. Thus, Eq. (20) cannot be used directly to determine the thermal residual stress in the bridging element. Therefore, the following approach for developing of the function relating thermal residual stresses  to the radial coordinate  of the bridging element was adopted and further developed for a two phase material [27]. Firstly, Eq. (20) was differentiated with respect to , where  (Fig. 4a), and the following equation was obtained
.								(22)
Secondly, if we assume that the crack extension per cycle is equal to 
											          (22a)
and it is small enough that  can be considered as a constant over this extension, then we can replace  with the following
,												(23)
where  is a linear wear per cycle, which is possible for the vast majority of fatigue crack growth rates and loading frequencies of interest. Then, thirdly, the total volume of material removed from the bridging element-matrix interface per one cycle can be expressed as
,										          (23a)
where  is the sliding contact area between the bridging element and the matrix. Eq. (23a) is applicable for the case of one half of the bridging element embedded on one side of the crack at position  in the bridging zone (Fig. 4c). By combining Eqs. (22a) and (23a) we obtain
.												(24)
In the Eq. (24) the  term has to be defined in order to have all terms for the equation defining thermal residual stress  in the bridging element available. It is not a simple task, and the following approach was used to define the total volume of the material removed per cycle. It is known that the wear at the interface between the bridging element and the matrix can be also expressed by a simple relationship. The volume of the material  removed due to wear is given by [27]:
,											(25)
where  is the wear rate,  is the normal stress at the interface which is equal to ,  is the sliding distance for any point of the contact area . It is important to understand that the wear rate  is presented as a constant here for the simplification. The real wear processes of bridging element are much more complex than those described by Eq. (25), however, the direct measurements and quantifications of them are simply impossible. Thus Eq. (25), which includes a constant wear rate  , provides a reasonable approximation for the wear at the interface of the bridging element and the matrix of a two phase composite [27]. 
The Eq. (25) contains the sliding distance  for any point of the contact area between the matrix and the bridging element, and it is obvious that the sliding distance is different for points with different coordinate  on the interface (Fig. 4c). Because of this, Eq. (25) can only be applied to the frictional surface of an infinitesimal annular portion of the bridging element with coordinate  (Fig. 4c). Using Eq. (25) this infinitesimal volume  of the material worn away by friction at the annular portion of the bridging element during single loading cycle is presented by the equation:
,								(26)
where . The sliding distance  per loading cycle along -direction of the annular element in the Eq. (26) is
,						(27)
where  and  are, respectively, minimum and maximum half crack opening displacements of the crack at the location of the bridging element.  and  can be determined using Eq. (10) with the minimum and maximum  values in the cycle, respectively. Then, the total volume of material  removed per cycle from the bridging element-matrix interface for a one half of the bridging elements embedded on one side of the crack at position  in the bridging zone can be found by integrating the Eq. (26) with respect to  from =0 to =:
.				(28)
The Eq. (28), as expressed, will take into account the possibility of incomplete closure of the crack during the loading cycle because it includes , which can be non-zero. Finally, using Eqs. (28), (23), and (24), Eq. (22) can be transformed into a differential equation which expresses thermal residual stress  in the bridging element as:
.	(29)
The Eq. (29) can be solved numerically using Runge-Kutta schemes [34]. 

4.5. The required input parameters of the proposed model
As one can see from the proposed model description, in order to calculate an average crack growth rate v of a semicircular surface crack, with radius , many initial parameters have to be known. Besides values of the external maximum applied stress intensity factor , the parameter , and the frequency  of the cycling, the elastic properties , , , and  as well as the coefficients of thermal expansion  and  of the two phase matrix material and the bridging elements, respectively, have to be known. Besides, the so called “joining temperature”  along with the fracture toughness  of the composites should be also available as input parameters to the model. In addition, the average size of the bridging element  and the average distance between bridging elements  should be also estimated. A more complicated problem is to estimate the friction coefficient , the effective size of frictional surface in the-direction , the wear rate , the static fatigue parameter , and the fatigue parameters . While many parameters, such as elastic properties, coefficients of thermal expansion, size of the bridging elements as well as the distance between them can be directly measured,  and  fatigue parameters can only be determined experimentally. The coefficient of friction  values can only be fitted in the proposed model, similar to the fitting performed in [31].

5. Verification of the proposed model – ZrB2-45 vol% SiC ceramic composite as a case study
In order to validate the proposed cyclic fatigue model for the two phase brittle ceramic composite, ZrB2-45vol%SiC ceramic composite was chosen as a model material as it is a well characterized material from previous research [35-42]. The required input parameters for the model, mentioned in section 4.5 of the paper, are listed in Table 1. The joining temperature  was chosen to be equal to the sintering temperature (2120 oC) of ZrB2-45vol%SiC ceramic composite prepared by hot pressing [35]. The  and  coefficients of thermal expansion (CTE) were determined to be equal to =6.410-6 K-1 for ZrB2-45vol%SiC and =5.0710-6 K-1 for SiC [38]. The radius  of the semicircular surface crack was estimated using the well-known  expression, where =688 MPa was estimated from the strength data of ZrB2-45vol%SiC ceramic composite [37]. The  value is slightly different from the average strength of the composite presented in [35] because the strength was calculated for fatigue tested specimens. The calculated value of =19 µm is in a good agreement with the experimentally observed size of fracture origins when fracture initiated from the surface of ceramic composite during loading [35]. The static fatigue parameters  and  were obtained [37] taking into account the bridging stress intensity factor =0.95 MPam0.5. The average size of the bridging elements =2±0.36 µm and an average distance =4.5 µm between the bridging elements were measured by microscopy analysis of the microstructure of ZrB2-45vol%SiC ceramic composites. The microstructure of the composite and crack and bridging elements used in analysis are shown in Fig. 5; similar micrographs were used to analyze ~100 bridging elements.
To obtain the value of coefficient of friction  and the effective size of the frictional surface in the-direction , Eqs. (7) and (9) were used. The value of thermal residual stress  in the SiC bridging elements used in Eqs. (7) and (9) to perform the fitting for estimation of  and  was calculated using Eq. (21) to be equal to 633 MPa. The , also used in these equations, is equal to 0.95 MPam0.5 as was estimated in previous research on ZrB2-45vol%SiC ceramic composite [37]. It is known that  can be larger than 1 and have a limit of about 3 [31], while the effective size  is smaller than  and is within the range . Using these values, the best fit estimated the value for =3 and =0.6 µm. The wear rate =410-6 mm3/Nm was estimated by fitting a theoretical dependence of v() for cyclic fatigue with the corresponding experimental data (Fig. 6). 
The theoretical and experimental dependences of lg v – lg Kmax/K1c for static and cyclic fatigue of ZrB2-45vol%SiC ceramic composite are shown in Fig. 6. The experimental measurements were obtained in [37]. The developed model provides a theoretical curve with a good fit to the experimental data for both static and cyclic fatigue. As can be seen in Fig. 6, the theoretical curve for cyclic fatigue intersects the theoretical curve for static fatigue at high crack growth rates, almost approaching the dashed line which represents the lg v – lg Kmax/K1c dependence when the effect of cycling does not appear during cyclic fatigue testing, as it was reported for glass, porcelain, and other ceramic materials [14, 15]. The developed model clearly shows a decrease of wear of bridging elements and a decrease of cyclic effects with an increase of crack growth rate.
It is important to understand that using the proposed model the size of the bridging zone along the length of the moving crack can be estimated using the distributions of residual and bridging stresses along the crack length for different Kmax/K1c ratio. The calculated distributions of normalized residual stress  and normalized bridging stress , where , along a crack for four different Kmax/K1c ratios are shown in Fig. 7. For the applied stress intensity factor Kmax which is only slightly less than the measured fracture toughness of the composite, such that Kmax/K1c=0.99, the degradation of residual and bridging stresses is quite small due to the rather high crack growth rates and, as a result, the small wear of the bridging elements during cycling (Fig. 7a). When the Kmax/K1c ratio decreases to 0.922, the larger degradation of the residual and bridging stresses is predicted (Fig. 7b) as the decrease of the crack growth rates and increase in wear of the bridging elements are more pronounced in comparison with the previous case when Kmax/K1c=0.99. Even further degradation of the residual and bridging stresses occur if the applied stress intensity factor Kmax is further decreased such that the Kmax/K1c ratio becomes equal to 0.848 (Fig. 7c). For Kmax/K1c=0.82, the part of the crack with  will bear no bridging stress (Fig. 7d);this information can be used to determine the end of the bridging zone, which can be located for the cases where the bridging stress is equal to zero. The size of bridging zone  is normalized by the radius  of the semicircular surface crack and dependence of  on Kmax/K1c is calculated using the provided input parameters of the model in the Table 1. As one can see from Fig. 8, for of Kmax/K1c ratio of 0.82, when the crack growth rate is quite high, the bridging zone size is constant and equal to the crack radius , as the degradation of the bridging elements does not have sufficient time to decrease the bridging zone size during crack propagation. For smaller Kmax/K1c values, where the crack growth rate is lower, the size of the bridging zone decreases rapidly due to significant wear of the bridging elements. The bridging zone size approaches zero and the bridging zone itself almost disappears when Kmax/K1c becomes equal to 0.6.
Based on the developed model, the dependences of bridging stress intensity factor  as a function of the crack growth rate v for ZrB2-45vol%SiC ceramic composite for static and cyclic fatigue tests are plotted in Fig. 9. As one can see from Fig. 9, the almost horizontal line presents the results for static testing; in the proposed model there is slight decrease of the bridging stress intensity factor with increasing crack growth rate. Such a decrease follows from the fact that the higher crack growth rate corresponds to a higher stress intensity factor Kmax and larger crack opening displacement, which results in a smaller friction surface between bridging elements and matrix and as a result of this slightly lower bridging stresses. However, the decrease in  is small, so that the good agreement between the proposed model and model developed in [24] is still observed. The bridging stress intensity factor for static fatigue was assumed to be a constant and independent on the crack growth rate in the Fett and Munz model. The sloping dashed line shows Kbr/K1c for cyclic testing as calculated using the model from [24]. This is a straight line in a log-log plot, and intersects the horizontal line at the point of some critical crack growth rate. However, the proposed model gives much more accurate results for the lg Kbr/K1c vs lg v dependence, as it shows an almost linear plot for the lower crack growth rates and provides a non-linear dependence with a saturation trend for the higher crack growth rates where the Kbr/K1c ratio for cyclic tests approaches the values for static tests. For comparison, the calculations using Fett and Munz model [24] provide only a linear lg Kbr/K1c vs lg v dependence, thus do not provide as accurate a description of the cyclic effect as it possible to obtain using the proposed model for two phase brittle ceramic composites.

Conclusions
The revised and expanded model for the static and cyclic fatigue behavior of two phase particulate brittle ceramic composites was developed based on the previous work of Fett and Munz [24] and Dauskardt [27]. The model describes the lg v – lg Kmax/K1c dependence of a two phase brittle ceramic composite for static and cyclic fatigue. The lg v – lg Kmax/K1c dependence of the model correlates well with the experimental data for the cases when cyclic effects are either present or absent (high crack growth rates). The proposed model takes into account both the effect of thermal residual stresses occurring due to mismatch of the coefficients of thermal expansion between the two ceramic phases and, also, the effect of the bridging stress due to so called “crack bridging” mechanism, where the bridging elements of the material experience wear due to frictional forces, thus facilitating the accelerated crack propagation and shortening lifetime of ceramics under cyclic fatigue conditions. The bridging stress, considered by the model, always acts against the change in the crack opening displacement when a frictional bridging mechanism is present. The model is also capable of predicting the decrease in wear of the bridging elements with increasing crack growth rate, while in the previous model the wear disappears completely and abruptly when the crack growth rate increases above a certain value [24]. Another advantage of the proposed model is that it takes into account the fact that a moving crack may not experience complete closure. Another advantage of the proposed model is that the size of the bridging zone can easily be determined by building and using the bridging stress distribution.
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Table 1. Input parameters for the model
Parameter	Value
Frequency of cyclic tests, , Hz	10
 (for static test)	1
 (for cyclic test)	-1
Static fatigue parameter, , m/s	2.143
Static fatigue parameter, 	50.7
Semicircular surface crack radius, , µm	19
“Joining” temperature, , oC	2120
Fracture toughness, , MPam0.5	3.8
Diameter of bridging element in crack plane, , µm	2
Effective size of frictional surface in -direction, , µm	0.6
Average distance between bridging elements, , µm	4.5
Friction coefficient, 	3
Wear rate, , mm3/Nm	410-6
Young’s modulus of two phase matrix, , GPa	476
Poisson’s ratio of two phase matrix, 	0.167
Coefficient of thermal expansion of two phase matrix, , 10-6 K-1	6.4
Young’s modulus of bridging element, , GPa	410
Poisson’s ratio of bridging element, 	0.188








Fig. 1. Schematic of crack bridging.
Fig. 2. Schematic dependences lg v – lg Kmax for static and cyclic fatigue. vs is static fatigue crack growth rate; vc is cyclic fatigue crack growth rate.
Fig. 3. Instantaneous crack tip stress intensity factor for sinusoidal cyclic loading: a) ; b) ; c) . Bold line is instantaneous crack tip stress intensity factor. The middle sinusoids correspond to applied stress intensity factor. Shaded area shows integration area to calculate average crack growth rate for cyclic loading. The conditions of crack opening displacement , as shown in b, d, and f, in the characteristic points 1, 2, 3, 4, 5 of the plots a, c, and d, respectively, are as follows: for the case (a) - ; for the case (c) - ; for the case (e) - .
Fig. 4. Schematic of crack and bridging elements in the model considered.
Fig. 5. Bridging elements and their characteristics in ZrB2-45vol%SiC composite.
Fig. 6. Theoretical and experimental dependences lg v – lg Kmax/K1c for static and cyclic fatigue of ZrB2-45vol%SiC composite. Circles are the experimental data for cyclic fatigue. Squares are the experimental data for static fatigue. Dashed line corresponds to the theoretical dependence when cyclic effects do not occur.
Fig. 7. Dependences of residual stress and bridging stress for different Kmax/K1c: a) Kmax/K1c=0.99; b) Kmax/K1c= 0.922; c) Kmax/K1c=0.848; d) Kmax/K1c=0.82. Solid line corresponds to residual stress. Dashed line corresponds to bridging stress.
Fig. 8. Dependence of normalized bridging zone size on Kmax/K1c ratio.































Fig. 3. Instantaneous crack tip stress intensity factor for sinusoidal cyclic loading; a) ; b) ; c) . Bold line is instantaneous crack tip stress intensity factor. The middle sinusoids correspond to applied stress intensity factor. Shaded area shows integration area to calculate average crack growth rate for cyclic loading. The conditions of crack opening displacement , as shown in b, d, and f, in the characteristic points 1, 2, 3, 4, 5 of the plots a, c, and d, respectively, are as follows: for the case (a) - ; for the case (c) - ; for the case (e) - .

































































Fig. 9. Dependence of bridging stress intensity factor on crack growth rate for ZrB2-45vol%SiC composite. Dashed lines correspond to the model from [23].
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